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Xiilaso

Mbaqalada toramonin tatbiqi ilo bir sira miirakkab, adi yollarla hall olunmayan,
calismalarin orijinal halli visullar: géstorilmisdir. Toroma anlayisina istinad edilorak
bazi ¢atinliyi yiiksak olan ¢alismalarin vuruglarina ayrilmasi qaydalart atrafli izah
olunmusdur. Cabri va trigonometrik ifadalorin hasil soklinda yazilmasi, ananavi
sullardan farqli olaraq, riyazi analiz fanninin térama va ibtidai funksiya bélmalarina
asaslanmisdir. Maqalada bir neca dayisanli funksiyanin xiisusi téramasi anlayisindan
magqgsadyonlii istifads edilorak, onun bir sira miirakkab ¢alismalara tatbiq qaydalart
aciglanmisdir.

Acar sozlar: toroma, bohran noqtasi, vuruglar, ibtidai funksiya, xtisusi toroma, cabri
va trigonometrik ifadalor, diferensial

Hom riyaziyyat, hom do elm va texnikanin bir cox masalalarinin tadqiginds téroma anlayist
mithiim yer tutur. Molumdur ki, téromo anlayisinin osas mogsadi onun funksiyalarin
aragdirilmasina totbiqidir. Téroma anlayisindan istifade edorak, funksiyanin artma vo azalma
araliglarini, onun stasionar (bohran) noqgtslorini vo s. tapmaq olar. Téroma anlayisinin sferasini
geniglondirorok onu miixtalif ndv caligmalara, ifadslorin gevrilmoaloring totbiq edo bilorik. Bu
moqgsadlo biz téromonin bir sira caligmalara o ciimlodon, cobri vo triqgonometrik ifadolorin
cevrilmaloring, xiisusi halda ifadslorin vuruqlara ayrilmasina, sadslogdirilmoesine tatbiqini
Oyronok. Bu iisul ona asaslanir ki, toromo bu halda shomiyyatli doracods sados halda istifado olunur.
Axtarilan funksiyanin ibtidai funksiyasi asanliqla tapilir vo verilon ifadonin ibtidai funksiyasi olur.

Qeyd edok ki, bu halda verilmis ifado bir ne¢o doyisondon asili olur, ona goéro do
diferensiallamada faktiki olaraq xususi tdromadon sohbot gedir. Belo metodik yanasmalar orta
moktob riyaziyyat kursundan konara ¢ixir.

Yuxarida dediklorimiza istinad edarok bir ne¢o misal halli niimunalarine baxagq.

Misal 1. x(y? — z2) + y(z? — x2) + z(x? — y?) ifadosini vuruglarina ayirin [1, 5.64].

Holli: Burada x-i doyison, y va z-i sabit (parametr) qabul edak va verilmis ifadoni f(x) ilo
isaro edok:

fx) = x(y* = z2) + y(z* — x?) + z(x* — y?) (1)
Indi f(x)-in x-2 nozoren téromasini tapaq:
ffx)=y?—2z?>-2xy+2xz=2x(z—y)+(y—2)(y+2) =
=W -2)(y+z—-2x);
flx) =@ -2)(y+z—2x).
Buradan
f)=0G-2(y+2)x—-x*]+C @)

alariq, burada C-sabitdir. C-ni tapmaq li¢iin (1) vo (2) miinasibatlorini barabarlogdirok:
x(y?=2z?) +y(z* —x*) +z(x* —y*) =y -2y + 2)x —x*] + C
x = 0 gobul edok. Onda
yz? —zy? =C



olar. Beloliklo alanq:
f)=@-D+2)x—x*]+yzz—y) =
= -D((+z-x-yz) ==y -2)? —xy —xz+yz) = —(y - 2)(x(x — 2) -
yx—2)=-(—-2)x—-y)(x—2z)=(Z-y)(x—y)(x—2);
fx)=0z-yx-y)(x-2).

Bu misali standart tisullarla téromadon istifado etmoadon do vuruqglarina ayirmaq olar.
Mosalon, verilmis ifadoni x-o nozoron kvadrat tichodli hesab edorok, kvadrat tichadli kimi
vuruglarina ayira bilorik. Ona géro do verilmis x(y? — z2) + y(z% — x?) + z(x? — y?) ifadosini
asagidaki kimi ¢evirok:

x(y? =z +y(2* —x) +z(x* —y*) = = (z—-y)x* = (2 —y*)x + yz(z — )

Burada a=z—-y,b =—(z—y)(z+y),c =yz(z — y) oldugu iiclin

ax? +bx +c =alx —x)(x — xy)
diisturundan istifado edok vo Viyet teoremino osason:

b
XX =——, X, tx,=z+y,
el :}{ 1 2 p
C Xy X, = VE.
xl-xﬂ=—. -
- e
Buradan alinir ki, x; = z,x, =y voya x; =y,x, = Z.

Ona gora da:
(z=y)x* = -+ Px+yz(z-y) = (z—y)(x —y)(x — 2).

Novboti misallarda da se¢ilmis ifadolors yenos kvadrat tichadli kimi baxmagq olar. Ancaq eyni
zamanda onun agkar sokildo gostomok kifayot qodor ¢otin hesablamalar tolob edir. Ona gora do
téromadon istifado etmoklo vuruglarina ayirmaq hesablama noqteyi-nozordon daha asan olur.

Misal 2. [(a — ¢)? + (b — d)?](a® + b?) — (ad — bc)? ifadosini vuruglarma ayirin [1,
s.8].

Holli: Verilmi ifadods ¢ horfi an kigik qlivvatdon istirak etdiyi ti¢iin onu doyison, a, b vo d-
ni is9 sabit (parametr) qobul edorok,

fl©) =[a—c)*+ (b —d)?l(a® + b?) — (ad — bc)? (3)
funksiyasina baxaq. Buradan
f'(c) = —=2(a—c)(a? + b?) + 2(ad — bc)B€E™b =
= —2a3® — 2ab? + 2a%c + 2b*c + 2abd — 2b*c =
= —2a3® — 2ab? + 2a%c + 2abd = 2a(ac — b? + bd — a?)
alariq. Ona gora do
f(c) = (ac—b?>+bd —a®>)*+C (4)

olar. Burada C ifadosi yalmz a, b vo d-don asilidir. (3) vo (4) miinasibatloring asason
[(a—c)*+ (b—d)?*](a® + b?) — (ad — bc)? = (ac — b* + bd —a*)* + C
alariq.
¢ = a gotiirsok,
(b — d)?(a® + b?) — (ad — ab)? = (a® — b? + bd — a®)? + C;
(b — d)?(a® + b® — a®)—b*(b — d)? = C
olar. Buradan C = 0 alinar.
Beloliklo, verilmis ifads (ac — b% + bd — a?)? ifadasina barabordir, yani
[(a—c)?+ (b—d)?](a? + b?) — (ad — bc)? = (ac — b? + bd — a?)?.
Misal 3. cos?x + cos?(x +y) — 2cosxcosycos(x + y) ifadosini vuruqlarina ayirin [2,
s.83].
Holli: x-i doyison, y-i sabit qobul edorak, verilmis ifadoni f(x) ilo isaro edok:
f(x) = cos?x + cos?(x + y) — 2cosxcosycos(x + ).
f(x)-in x-don asili tdromasini tapaq:
f'(x) = —2sinxcosx — 2 sin(x + y) cos(x + y)
— 2cosy[—sinxcosx(x + y) — cosxsin(x + y)]
Sadologdirmadon sonra aliriq ki, f'(x) = 0.



Buradan alariq ki, f(x) = C. Buna gora do
cos?x + cos?(x + y) — 2cosxcosycos(x +y) = C
olar. Bu miinasibotdo x = g - y gotiirsak,

C = cos*® (; — }’} + cos® (; —-y+ }’) — 2 cos (; - _1;) COSYCOS (HE —-y+ }’) == sin’y,

C = sin%y
alariq. Beloliklo:
cos?x + cos?(x + y) — 2cosxcosycos(x + y) = sin?y.

Yuxarida baxdigimiz misallara osason, geyd edo bilorik ki, C inteqrallama sabitinin
tapilmasinda doyisonin qiymatini elo segmaliyik ki, diferensiallama zamani1 miimkiin olan kifayot
godor sado naticolor alinsin. Belo giymatlorin segilmosi riyaziyyat hovoskarlarinin genis zoka
miihakimolorindon ¢ox asilidir.

Misal 4. x3(y — z) + y3(z — x) + z3(x — y) ifadosini vuruqlarina ayirm [3, s.65].

Hbolli: x-i doyison, y vo z-i sabit (parametr) qobul edorok, verilmis ifadoni f(x) ilo isaro
edok:

f)=x*-2)+y°z-x)+2°(x—y) )
f (x) funksiyasinin x-o nozoran téromasini tapaq:
fr) =3x*(y—2)—y*+2°
Buradan
fO)=x*y-2)-@°-2°)x+C (6)
alariq. C inteqrallama sabiti ancaq y va z-don asilidir.
(5) vo (6) miinasibatlorine asason
PBy-2)+yz-0)+22x-y)=x*y -2 - -2)x+C
olar. Bu baraboarlikds x = 0 gotiirsak
C=y3z—-2z3%
alinar. Onda
f) =x*(y—2) = (¥ - 2°)x +yz(y* — z°)
=(y—2)(x3—xy? —xyz —xz> + y?z + yz?)
olar. x3 — xy? — xyz — xz? + y?z + yz? ifadesini vuruglara ayirmagq iigiin, y-i doyison, x vo z-i
sabit hesab edarak, onu g(y) ilo isars edok:
gy) =x3 —xy? —xyz —xz% + y?z + yz?
g (y) funksiyasinin y-2 nazaran téramasini tapaq:
g'(y) = =2xy — xz + 2yz + z2.
g ) =2y(z—-x)+z(z—x)
oldugu ticlin
g) =y z-x)+zz-x)y+C,
olar. C;-1 tapmaq ligiin y = 0 qobul edok.
g0 =¢ vo  g(0)=x3—xz?
oldugu iiciin C; = x3 — xz? almar. Beloliklo:
9 =y*z-0)+z2z-y+x(x-2)(x+2) =
=z-x)l+zy—xt—x2)=z—-x)(y—x)(y +x + 2);
9 =z-0@ -0y +x+2).
Nohayat:
fO=@-2E-@-x)@+x+2)
aliriq.

Misal 5. Ifadeni sadolosdirin [3, s.65]:
(a+b+c)®—(a+b—c)¥—(b+c—a)®—(c+a—b)
Hoalli: a-n1 doyison, b vo c-ni sabit gobul edib, verilmis ifadoni f(a) ilo isars edok:
fla=@+b+c)*—(a+b—c)*—-(b+c—a)®—(c+a->b)3 (7
f (@) funksiyasinin a-dan asili toromasini tapaq:



flla)=3(a+b+c)?>-3(a+b—c)?+3(b+c—a)®>—-3(c+a—b)? ==
3[a+b+c)?>—(a+b—c)?+b+c—a):—(c+a—b)?] =3[4c(a+b) — 4c(a -
b)] = 3(4ac + 4bc — 4ac + 4bc) = 24bc
Buradan aliriq ki,
f(a) = 24abc + C. (8)
(7) va (8) miinasibatlorino asason
(a+b+c)¥—(a+b—c)*-(b+c—a)®—(c+a—b)3=24abc+C
olar. a = 0 gobul etsok,
(b+c)¥—=b-c)*-bB+c)*—(c—b)3=C<=>C=0alarq.

Nohayoat:
(a+b+c)®—(a+b—c)®*—(b+c—a)®—(c+a—b)® = 24abc.
Misal 6. x+y)>2+@+232+(Z+x)°2-3x+y)y+2)(z+x) ifadosini

sadolosdirin [4, s.38].
Holli: x-i doyison , y vo z-i sabit hesab edok va verilmis ifadoni f (x) ilo isaro edok:
fO=E+y°+ G +2°+(@+2)° -3+ +2Ez+x) (9
f (x) funksiyasinin x-9 nozoran xiisusi toromasini tapagq:
ff(x)=3(x+y)?2+3(z+x)?-3(y+2)z+x+x+y) =6x>—6yz
Buradan
f(x) =2x3—6xyz+C (10)
alariq. (9) ve (10) barabarliklorinde x = 0 yazsaq
fO=y>+@+2°+2°-3yz(y+2); f(0)=C
alinar. Beloaliklo,
C=y3+(+2)>+2z%-3yz(y +z) = 2y3 + 223
olar. Nohayaot
f(x) =2x3 —6xy? +2y3 + 222 = 2(x3 + y3 + z%2 — 3xyz)
tapilar.
Misal 7. (b — ¢)3 — (a — ¢)® + (a — b)?3 ifadosini hasil soklindo gdstorin [3, 5.64].
Hoalli: a-n1 doyison, b va c-ni sabit hesab edarak, verilmis ifadoni f(a) ilo isaro edok:
f@=(b—-c)’=(a—c)’+ (a—b) (11)
f'(a) toramosini tapaq vo sadalogdirak:
fl(a)=-3(a—c)*+3(a-b)?>=3(a—-b—a+c)la—-b+a—-c)=3(c—b)(2a—b—

C).
Buradan
f(@)=3(c—b)(a*—ab—ac)+C (12)
alarig. (11) vo (12) miinasibatlorine asason
3(c—b)(a*—ab—ac)+C =(b—c)®*—-(a—c)*+ (a—b)3

olar. a = 0 gobul edok. Onda:
C=0b—-cP+c3-DP=0b-c)-B*-c>N=0b-c)2-0B-c)B?>+bc+c? =
= (b —¢c)((b? — 2bc + c¢? — b? — bc — c?) = =3bc(b — c)=3bc(c — b)
C-nin bu giymatini (12) baraborliyindo nozors alaq:
f(a) =3(c —b)(a? —ab — ac) + 3bc(c — b) == 3(c — b)(a? —ab — ac + bc) =
=3(c—b)la(a—=b) —c(a—=b)] =3(c—=>b)(a—b)(a—rc).
Demoali,
(b—c)*—(a—c)*+(a—-b)>=3(c—-b)a-b)(a-c)
alariq.
Misal 8. (x + y + z)3 — x3 — y3 — z3 ifadosini hasil soklinda gstorin [1, s.7].
Holli: x-i doyison, z vo y-i parametr gobul edarak, verilmis ifadoni f(x) ilo isars edok:
f)=@x+y+2)>3—x3—y3—23 (13)
f (x)-in x-don asili xiisusi téromasini tapaq va sadoalosdirak:
fl(x) =3(x+y+2?-3x2=3x+y+z-x)(x+y+z+x) =3y +2)2x+y+2).
Buradan:



fxX) =3y +2)(x?+yx+zx) + C. (14)

(13) vo (14) miinasibotino gora:
3y +2)(x2+yx+zx)+C=(x+y+2z)>3—x3—y3—23

x = 0 gobul etsok,

C=0+2P* -0’ +2) =@ +2)*+2yz+2° —y* +yz—2z°) = 3yz(y + z)
alariq. C-nin bu qiymatini (14) barabarliyinds nazors alaq:

fX)=30y+2)(x?+yx+zx) +3yz(y +z) =3(y + 2)(x? + yx + zx + yz) =

=30+ 2Dxx+y)+zx+ ] =3@+2)(x+y)(x + 2).

Elmi yenilik: Téromo vo ibtidai funksiya anlayislarindan istifade ederok, bazi ¢atinliyi
yliksok olan ¢alismalarin asan yolla halli yollarin1 géstormoklos problemlori aradan qaldirmaqdir.

Tatbiqi oshamiyyati: Qazanilmis biliklori nisbaton miirakkob caligmalarin hollino somorali
totbiq etmok, yuxaridaki kimi problemlorin onanovi tisullarla hall olunmadigini vo ya hallinin ¢ox
¢otin oldugunu gostormokdir.
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Application of derivatives and primitive function on transformation of expressions

Abstract

The article shows the ways of original sollution of problems that are not solved by usual
ways by applying the derivatives. It also thoroughly explains the rules of breaking into multipliers
of highly complicated exercises basing upon the concept of derivatives. Writing of algebraic and
trigonometric expressions in the form of sum is based upon the derivatives and section of primary
function. The article also reveals the ways of application by purposeful use of the concept of
derivatives having several variables in mathematical analysys.

Keywords: derivative, crisis point, multipliers, initial function, special derivative, algebraic
and trigonometric expressions, differential
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Pe3ome
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Onupasico Ha nousimue npou3800HOLU NOOPOOHO UZNONHCEHbL NPABUIA PA3TONCEHUSL HA MHONCUMENU
0I5 HEKOMOPbLIX  YNPANCHEHUU  HOBbIUEHHOU MmpYyoOHOCmu. 3anucu  aneeopuyeckux u
MPUSOHOMEMPULECKX BbIPANCEHULL 8 BUOE NPOU3BEOCHUSL, 8 OMIUYUE OM MPAOUYUOHHOU YOPMb,
000CHOBANBI HA NOHAMUAX NPOU3BOOHOU U NEPBOOOPA3HOU PYHKYUU MAMEMaAmUu4ecko20 aHaIu3d.
B cmamve yenecoobpasnvim ucnonv3oeanuem NOHAMUS YACMHOU NPOU3BOOHOU (QYHKYUU Om
HEeCKOIbKUX NePeMeHHbIX 00bACHEHbl NPABUIA NPUMEHEHUS €20 K PAOY CIONACHBIX 3A0ay.
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