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Xiilasa: Maqalada vektorlarin skalyar hasilina dair bazi barabarsizliklordan istifads etmaklo,
bir ¢ox olimpiada xarakterli ¢alismalarin samoarali tisullarla halli yollart geyd olunmusdur. Cabri
volla ¢atin hall olunan va ya he¢ hall oluna bilmayan olimpiada tipli tonliklorin va tonliklor
sisteminin vektorlarin skalyar hasili diisturlarindan istifads etmaklo asan va orjinal halli yollar
gostarilmisdir. Homginin bazi ¢atin yolla isbat olunan cabri va handasi baraboarsizliklarin asan
tisulla isbati aciglanmusdr.

Acar sozlar: vektor, skalyar hasil, barabarsizlik, tonlik, trigonometrik funksiya, kosinus, sinus,
ekstremum, tichucaq

Giris

Olimpiadalar sagird vo tolabalorin riyazi qabiliyyetlorinin ortaya ¢ixarilmasinda, inkisaf
etdirilmasindo miihiim vo shomiyyatli yer tutur. Olimpiadalarda yalniz olag1 sagir vo tolobalorin
deyil, mithakimo qabiliyyati giiclii inkisaf etmis soxslorin istiraki ¢ox miihiim vo vacibdir. Bozon
belo sagird vo tolobolor olimpiadalardan sonra riyaziyyatla ciddi mosgul olur vo golocokda bdyiik
miivoffoqiyyat qazanirlar. Olimpiadalarda istirak edon sagirdlor edon sagird va tolobolor, ¢alismalari
holl etmok iiclin miixtolif iisullar tapmaq vordiglorino, geyri-standart holl yollar1 axtarmaq
qabiliyyatloring yiyolonirlor.

Olimpiadalarin kegirilmasi riyaziyyata hovasi vo xiisusi istedadi olan sagird vo tolobonin agkar
edilmasing,ortaya ¢ixarilmasina sorait yaradir.

Qeyri-standart calismalarin, orta moktob proqramindan konar xiisusi holl tolob edon
masalalorin - secilmosi miisllimin qabiliyyat gostoricisidir. Sinifdonxaric moggoalalords bu
materiallardan istifado etmok ii¢iin riyaziyyatin bir sira bélmolorindon istifado olunur ki, onlardan
on miihiimii vektorlarin skalyar hasilidir.

Vektorlarin skalyar hasili,iki diiz xatt arasindaki bucaq verildikds handasi masalalarin hollinin
tapilmasinda ¢ox genis totbiq olunur. Cobrdo iso vektorlarin skalyar hasili, bir sira boraborsizliklorin
isbatinda, barabarsizliklor sisteminin hallinds genis istifade olunur. Eyni zamanda bazi cabri yolla
¢otin holl olunan tonliklor sisteminin hollinds, funksiyanin ekstremumunun tapilmasinda, ¢otin
triqgonometrik barabarsizliklorin isbatinda vektorlarin skalyar hasili diisturlarindan istifade etmok
daha mogsadouygundur. Bu kimi masolalorin hoalli homiso miisllimlor arasinda genis miibahisoyo
sobab olur. Ona goro do bu tip mosalolorin hollini sinifdonxaric moggalolordo Syronmok vo
Oyrotmok daha olveriglidir.

Umumi halda bilirik ki, % vo ¥ vektorlarin skalyar hasili, onlarin uzunluglari ilo aralarindaki
@ bucaginin kosinusu hasilina barabardir, yoni U - ¥ = U] - |¥] cos ¢.

Ogoar cos ¢ < 1 olarsa, onda

U< Ul |V voyalu- v| <|ul-|v| (1)
olar. Buna goro do agor U vo ¥ vektorlar1 koordinatlar: ilo verilorss, yoni (ui, u2) vo ¥(vi, v2)

olarsa, onda:
27 . 19— =7 |= 2 2 o= 2 2
U U=U 0, + UyUy, | U=V U % + uy?, V=2 + v,

u1v1+u2172 S \/ulzuzz - \/1712 + 1.722 . (2)

oldugundan
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[ugv1 + upv,| < \/ulz + u,? '\/vlz + ;2. (2

Anoloji olaraq, ii¢olciilii fozada
Uy + Uy + UsVs < U2 + Up? + Uz? - /112 + 1,2 + 132, 3)
[u1vy + U vy + U] < JUg? + Up? + ug? - 12 + 1,2 + 132 (3"

alangq.
Bazi cabri barabarsizliklorin isbati

Calisma 1. x+y+z=t olarsa, V2x + 1+/2y + 1 +V2z + 1 <6t + 9 oldugunu isbat edin

[2].

Isbati: % vo ¥ vektorlarinin koordinatlarimi uygun olaraq, #(vV2x + 1; /2y + 1;V2z + 1),
v(1;1; 1) kimi gétiirak. (3) diisturuna gors alariq:

\/2x+1-1+\/2y+1-1+\/22+1-1S\/\/(\/Zx+1)2+(\/( 2y+12+J(\/22+1)2-\/12+12+12;

V2x+1+ 2y +1+V2z+1<2x+1+2y+1+2z+1-V3;
V2x + 142y +1+V2z+1 </2(x+y +2) +3-V3. x+ytz=t

oldugu ti¢lin

V2x+1+ 2y +1+V2z+1<+V6t+9
olar.

Calisma 2. x+y+z=1 olarsa,v4x + 1 + \/4y + 1+ +v4z + 1 < /21 oldugunu isbat edin [3].
Isbati: U(V4x + 1; /4y + 1;V4z + 1) vo B(1; 1; 1) vektorlarmi gdtiirok. (3) diisturuna gdro:
V4x+1-1+J4y+1-1+V4z+1-1sJ(V4x+1)2+(J4y+1)2+(V4z+ 1) JIZ+12+12 =

=JAx+1+4y+1+4z+1-V3=J4(x+y+2)+3-V3=V4-1+3 V3 =121
Beloliklo, aliriq ki,

Vix +1+ 4y +1+V4z+1 <21
Cahsma 3. a, b, ¢=0 olarsa,vab + Vbc+/ac < a + b + ¢ oldugunu isbat edin. [4]
isbati: % (va; Vb; Vc) vo B(Vb,Vc,Va) qobul edok. (3) diisturuna gora:

va-vb+ Vb -Ve+c-Va s\/(\/E)2+(\/E)2+(\/E)2-\/(\/E)2+(\/E)2+(\/E)2;
Vab +Vbc ++ac < +/(a + b + c)2.

Vab +Vbc+vac<a+b+c

a, b, ¢ = 0 oldugu ii¢lin

olar.

Cahsma 4. Katetlori a vo b, hipotenuzu ¢ olan diizbucaql iighucaqda a+b< cv2 oldugunu
isbat edin. [7]
Isbati: % vo ¥ vektorlarmi asagidaki kimi gotiirok: %(1; 1), ¥(a, b)
(2) diisturuna gora
1-a+1-b< 124+12- Ja2 + b2 > a+b <vV2/a? + b2,
Pifoqor teoremina gora a’+b? = c? oldugu iiciin a+b< cv2 alariq.
Cahsma 5. x€ [2,5; 16] oldugda vx + 2 + V2x — 5 + V48 — 3x < 12 oldugunu isbat edin.

[6].

Isbati: 1i(vx + 2; V2x — 5; V48 — 3x) vo ¥(1; 1; 1) olsun. Onda (3) diisturuna gora:
1-Vx+2+1-vV2x—-5+1-/48-3x < \/12+12+12-J(\/x+2)7+(\/Zx—5)2+(v48—3x 2

Ve +2+V2x—5+V48—-3x <V3Vx + 2+ 2x — 5+ 48 — 3x;

Vx+2+V2x—5+V48 —3x <3V15 =>Vx+2+V2x—5+/48 —3x < 12.
Bozi trigonometrik barabarsizliklarin isbati
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Calisma 6. Gostorin ki, |3sina —cosa| <5 barabarsizliyi a-nin istonilon qiymatindo
dogrudur. [1]
Isbati: % (3; —4) vo ¥(sin a ; cos ) gotiirak. (2') diisturuna goro
|3sina — 4cosa| < /32 + (—4)? - VsinZa + cos?a

Vo
[3sina —4cosal <V9+16-1 = |3sina — 4cosal <5
olar. Boarabarsizlik isbat olundu.
Calisma 7. Borabarsizliyi isbat edin: sinx - siny -sinz 4+ cosx - cosy-cosz < 1. [3]
Isbati: % (sin x siny, cos x cos y) , ¥ (sin z, cos z) gétiirok. Onda (2) diisturuna gora:
sinx - siny-sinz + cosx- cosy- cosz < y/sin2x - sin?y + cos?xcos?y - Vsin?z + cos?z ;

1—-cos2y n 1+cos 1+cos

. . . 1-cos
smx-smy-smz+cosx-cosy-coszS\/ > > > 5

=%\/1—cosZy—cost+cost-cosZy+1+cosZy+c052x+c052x-c052y=

= %\/2 + 2 cos2x - cos2y = \/;\/1 + cos 2x - cos 2y.
1+cos 2x - cos 2y < 2 oldugu iiciin
sinx -sinysinz + cosy-cosycosz < 1.
Indi vektorlarin skalyar hasilinin tonliklorin va tonliklor sisteminin hollina totbigine aid bir
ne¢d ¢alisma holli niimunsloring baxag.
Calisma 8. Tonliyi holl edin: xvV1 +x ++vV3 —x = 2Vx2 +1.[7]
Holli: ©vvalco DMQ-nu tapaq:
{1 +x=0
3—x=20
U(x; 1), (V1 + x,vV3 — x) gobul edok. (2) diisturuna gora

xV1I+x+1-v/3—x s\/x2+1-\/(\/1+x)2+(\/ﬂ)2;

xV1I+x+vV3—x <2Vx2+1.
-1< x <3 arah@inda xvV1+ x ++vV3 —x < 2Vx%2 + 1 oldugu iigiin verilon tonliyin holli
yoxdur.

Calisma 9. Tonliklor sistemini hall edin: [5]

{ xb+yt+2z2=1

x3+2y>+3z=4
Holli: u(x3,v?, 2z) vo (1, 2, 3) vektorlarina baxaq. Bu vektorlari uzunluqlarini tapaq:

] = x® +y* + 22,15 = /12 + 22 + 32 = V14
U va v vektorlarinin skalyar hasili
U-v=x3-1+y?-2+z-3=x3+2y%+3z

& -1<x<3

olar. Belsliklo, aliriq ki,
x3+2y2+3z<(x6+y*t+22 V14 =1-V14 =14

4< /14 alindig Gigiin verilon tonliklor sisteminin holli yoxdur.

Natica

Olimpiada xarakterili bozi masalolor ononovi {isullarla ¢atin holl olunur vo ya bazon heg¢ hall
olunmur. Belo hallarda bozon vektorlarin skalyar hasili vo skalyar hasilo dair miioyyon
borabarsizliklordon istifade etmokls, bu tip caligmalarin asan yolla hall iisullari1 tapmaq
miimkiindiir.
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AN APPLICATION OF SCALAR MULTIPLICATION OF VECTORS
IN SOME OLYMPIC TYPE EXERCISES

V.Abdullayev, S.Babushov
Mingachevir State University

Abstract: The article speaks about effective solution of some Olympic type exercises by using
some inequalities. In addition. In addition, the article also shows the easiest and original ways of
solution of some Olympic type system of equations which cannot be solved or hard solved by
algebraic ways by means of scalar sum formulas. The article also explains easy ways of proving
algebraic and geometrical inequalities that are very difficult to prove.

Keywords: vector, scalar multiplication, sum, inequality, equation, trigonometric function,
cosinus, sinus, ektremum, triangle

INPUMEHMUE CKAJIAPHOI'O ITPOU3BEJAEHUA BEKTOPOB K HEKOTOPBIM
YIIPAYKHEHUSAM OJIMMIIMAZTHOI'O THUIIA

B.llI.A0ayainaes, C.H.baGymos
MUHTSTYeBUPCKUI TOCYITapPCTBEHHBIN YHUBEPCUTET

Peziome: B cmamve ommeuenvl 3pexmusHvle Ccnocobbl pewienuss MHO2UX 3a0au
ONUMNUAOHO20 XApakmepa NPUMEHEHUEeM HEeKOMOPbIX HePABEHCMS, CEi3AHHbIX CKAIAPHLIM
npousgedeHuem 6eKmopos. /[is ypasHeHuu u cucmem YpAasHeHuil, Komopvle mpyoHO peuams uiu
6000Uje HEBO3ZMOJICHO peuumsv aneedpaudyeckum cnocoboom, npueedenvl 0o0lee npocmvle U
OpUSUHATILHBIE  CNOCOObL pelleHUsl ¢ NPUMeHeHUeM GOPMYIL CKASIPHO20 NPOU38e0eHUsT BEKMOPOB.
Taxoice paszvscuenvl Oonee JjecKue Cnocodvl 00KA3AMENbCme HEeKOMOPbIX aleeOpaudyeckux u
2e0MempudecKux Hepagencms, 00Ka3bl8aAemMblX OMHOCUMENbHO MPYOHbIM CHOCOOOM.

Knrouesvie cnoea: eexmop, ckausipHoe npoussedeHue, HepPaAeHCmeo,  YPAGHEHUe,
MPULOHOMEMPUYECKAsL PYHKYUSA, KOCUHYC, CUHYC, IKCIPEMYM, MPeY20bHUK
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